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Abstract

There are two parts in this paper.
(1)In this paper, a two-grid finite volume element approximation for the following one-

dimensional nonlinear parabolic equations is derived and studied.

ou 0 ou

5 %(A(u)g) = f(u,z,t), (x,t) € Qx (0,T7.

We develop a finite volume element approximation for one-dimensional nonlinear parabolic e-
quations and study its existence and error analysis. To prove the finite volume element approx-
imation’s existence, we introduce operation J;. If J, has a fixed point v*, then U}’ = v* is the
solution. We employ Brouwer’s fixed point theorem to prove that the operation 7, is bounded.
On the condition the coefficient A(u) is a bounded smooth function with positive upper and
lower bounds and A(u), A'(u), f(u,z,t) are Lipschitz continuous with respect to the variable u,
combining with the difference between FVEM and FEM proved by P. Chatzipantelidis et al.
[21, 22, 23], we get its existence by simple calculation.

Two-grid method is a discretization technique for nonlinear equations based on two grids
of different sizes. The main idea is to use a coarse grid space to produce a rough approximation
for the solution of nonlinear problems and then use it as the initial guess on the fine grid. This
method involves a nonlinear solution in the coarse grid with grid size H and a linear solution on
the fine grid with grid size h (h < H), respectively.

For finite volume element approximation’s error analysis, we refer to finite element approx-
imation’s error analysis as V. Thomée[37]. Define the elliptic projection Ry. Let u™ = u(t,) and
wy = Ryu™, then

Up —u" = (U —wp) + (wp —u") =0"+ p".

In view of the property of Ry, it remains to bound #”. When we analyse the error estimate
between the two-grid solution and the exact solution, we use the idea from chen[5, 6]. For the
term f, by Taylor’s expansion at UZL. Optimal error estimates in the L?-norm and H!'-norm
are proved. Optimal error estimate in the H!'-norm is proved for the two-grid method. It is
shown that the coarse grid can be much coarser than the fine grid. However, we can achieve
asymptotically optimal approximation when the size of grids satisfies h = O(H?). Numerical
examples are presented to verify the theoretical results.

(2)In this paper, residual-type a posteriori error estimates are studied for finite volume

element method of the following parabolic equations.

ou
5 V- (a(z,t)Vu) = f(x,t), Qx(0,T].
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Abstract

Let 75, denote the primal triangulation of 2. We assume that 7}, is quasi-uniform or regular[33].
We construct a barycenter-type dual partition 7" of the original triangulation 7, whose elements
are called control volumes. Define the trial space U, associated with 7, to be a conforming linear
finite element space. We choose the piecewise constant on dual partition 7," as the test space.
Thereby we construct the fully discrete backward Euler finite volume element method for the
above parabolic equations.

We define the function Ry, Rg, n" by

ur —urt
Ry = " — % + V- (a(x)VU}), Rg = —la(z)VU}]E,
! !
M = ( 3 h%(HRKué,K) = ( 3 hEHREu%,E) |
KeTy, Ec&y,

where hg is the measure of E. The residual-type posteriori error estimator 1™ is constructed as

1
2 2\ 2
p = ()" + ()*) "
The reliable and efficient bounds for the error estimator are established. The residual-type
posteriori error estimator can be used to assess the accuracy of the finite volume element solutions

in the practical applications. Some numerical examples are provided to confirm the theoretical

results.

Keywords: finite volume element method; two-grid; nonlinear; parabolic equation; A posteriori

error estimate; Error bounds; quasi-Newton method
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{V - (pVu) = f

u|3Q =0
By T RE W R Lhv (VI T g A ImlL) FE Ry, 45
/ —V - (pVu)vdQ = / fodQ2
o Q
Hr ) HGreenA AR

/Q—V - (pVu)vdQ = — /m(qu) -nvds + /(qu) - VodQ

Q

— /Q(qu) -VodQ)  (v]ga = 0)
4
a(u,v) = /Q(qu) - Vud()

i
a(u,v) = (f,v).
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(3) 315 SCR AR 73 12K, AT AR 73 16 2t A idEAT B 70 #
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% — %(A(u)%) = f(u,z,t), (x,t) € Q x (0,7,
u(a,t) = 8“;2’ ) 0, t e (0,7, (2.1)
u(z,0) = ug(x), x € €,

HAT > 0 AN Z, Q = [a, b).
B o SR A A
G ={u:|ul < Ky},
PEAL Y Kot — P IEH 8. RS R A (u) 2 T R, AIER B TF. JFHAu), A (u),
f(u, 2, t) T useLipschitz- £ 41, B

lg(u) — g(v)| < Llu—v|, Yu,ve G, (g=A4, A f). (2.2)

Horp Lot — AN IR H KL, 38 H PR Y Lipschitz H 4L

P9 B P A 0 T AR R T R Y — PR O T, B YA R A e AR R AR A
& BB AT BRI RBOEIL, 25 XA KREEL v _ERgplaaii. &Ear
FEEPIL . B DA PR ESRAEARRME DT R 5 O AR AR R AR ZR M TR A 2
PEJTREHEAT SR, 1T R RS ESRBAR e TR, i 5 KIS RE. £ T i Ak
IR IR H K e 7 380 9 3 R R SR AE SR AR et T R P AR R A 2K

2.1 BIRIAFAT R AEMBEIZRE

AR H Sobolev 2 [8] FIARHEIL 5 WP () RFR7= A3 18] L (Q) A sBr ) SO H i 8 2ok B
TR AW P (Q) BN E X

b_s 1
ulls, = DiulPdz)”, 1<p< oo,
[[ul]s,p > ID;

a =0

W R ZIE S, BATLH = B Q) = WH2(Q), HthQ — [a,b], 75 3LHEH 0 2 o 45
BRI, BP) - |y = |- lloo = || - oo [FORERIW P I H b 1M S Fe

b 1
e = ([ 1D50P)" e = .
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G =1 o RS L2 (Q) 2 1B A AR, || - [|oe AL (Q) A
NHEBEA VTR BA R TIHE. BB XIEQ = [a, b1 BN AT X6, HA7 508

A=T0< T < Tog < - <x; <---<xny=>0

EXh; =2 —wiq, I; =[x, 2] AR = max hz, i=1,2---  N. HT}, = {L}X "X FhE]

1<i<

gy, T XA LR A IR . ARG H]7) %E)”UEI’J HIfFAE IR HLC, 115

hzZCha i:1727"'7N
YT
\{ 71 /7IilJ j‘,fl%iu/\T* EX%”&J\%){—?\%.TZ,%, 1= 1727 T 7N:
Ti—1 +xz
€T 1=
1—5 2 )
Rl

a=1xy)=2T_1 <x;<x;<---<xi,%<---<xN7%<xN+%::UN:b.

|

2

RI; = wo,x1], I = 1 1,241], 1 <0 SN =1L Iy = [oy_y,an]. FIARTXEL0 <

NYFI X RIQ = [a, D) RIRHEE 73 Ty, 1 X TR AR g 45 HAR AR
5E SR RIU

HL(Q % [0,T]) = {u(m,t) e HY(Q x [O,T])‘u(a,t) —

U= Hy(Qx [0,T]) () H*(Q x [0,T]).

B B BB AUy, € UK TIXIEQ = [a, bW 48 517> BB Fr ek e

(1<i<N-—1DIEERECH

1—hY e —2), zi1<z<uy

pi(r)=q 1-— h;ﬁ(if —x;), v <x <@g,
0, FHoAth.

1 —hy Yoy —2), zn_1 <z <ay,
0, HoAth.

N
MITAHAEZE Wuy, € Uy, BT PLRRup RS i uy, = > uips (), MeAdbu; = uy ().
i=1
HORSE 56 bR B8 TRV, AR 0 T )93 s Bk s 18], HX | T =

N — 1) ERRFIE R o) () E XN

1, =x,_
;i (z) —{ 0, K
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T 43 TE U, AT R 903 ARt A a7 [33):

0
| < cn il ||| Ve th

5] |72]..<

(2.3)

N HEEATIFAERE (2.1) BAR A RAF ok . W (2.1) R AN Ik e Ui 2

(u,v) + a(uyu,v) = (f(u,z,t),v), YvelU, t>0,

HHi(f,9) = [0 fodz, |w] = (w,w),

) 5 (2.1) A PR TCA% S (FEM) A : BBy, € Uy it /2
(uh,tavh> + a(Uh; Up, Uh) = (f(ufw xat)v Uh)v V’Uh € Z/{h, t> 07

seAt

17 (2. 1) A BRAAAR TAR SU(FEVEM) N - #kwy, € U T2

(uh,tvvh) + G(Uh; Uh,Uh) = (f(uh7x7t>7vh)7 \V/'Uh c Vh; t> 07

gt

3uh
a uhauhyvh E Uh l‘z 8 I
T i

BN EIFEFETIL, - Uy — W
N
Mw = Zw(xz)gof(x), Yw € Uy,

=1
TE Mo, ) (B IR ITH X (FVEM) 56 R ot 20 (FEM) Z B X 50 W -
€a(0; un, vh) = a(0; un, pvy) — alo; un, vp) Yo, un, vy € Up.

PLKe(-, )
e(W,0) = (W, 10) — (¥,0).

AR Uy, LB R —F AL, R
(®, ) = (&, 11, 0), V&,V €U,

FIRLEGAEN] - (] = (-, ). E[35], [[] - [1[S5E4F]) - ).
BT Eikids, nlk(2.6) 205

(un, X) + alup; up, px) = (f(up, 2, ), px), Vx €U, t>0.

6

(2.4)

(2.5)

(2.6)

(2.7)
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TEIX— EEF'?*/:ﬂ]ﬁug 0] (2.1) B 4= B A BRARFR Juas 3. R T e A B =, AT B ) T3
At = — E’Jﬁﬁlﬁﬁ%ﬁﬁ AR TR — N IEREL. 2t = nAt, n=0,1,---,J, U = Up(t").
Mﬁ‘ﬁé% BUAlJE Euler 5 FRARFR oA 0T & X

Ur — Unfl
<hTh,X> +CL(U;LL; Ug,HhX) = (f(U;Z,ZL‘,tn),HhX), \V/X c Uh, t>0. (28)
n—1
%%%ﬁ%&wzg_zg_.@@ﬁw&%m

(OU", x) + a(Up; Up 1yx) = (f(U, 2, t"), x),  Vx €Uy, t>0.

Tfﬁﬂﬁ%ﬂ*ﬁﬁlﬁﬁﬁ NIC T R
—B. TEMHME Ty F 3R Uy € Uy, T2

(OU} x) + a(Up; Ui, U x) = (f(Uf, @, t"),yx), Vx €Uy, t=>0.
;7 meH%ThLﬁﬁiEuh € Uy, 95 A2

{5 B T 50— 20 o A5 B BRI RS F B0 A BL B FEERILIRRS B B AR A8 Taylor T 20, 7E58 — 20 ks
ARL A [ R A RS M 1P 0 25 SRR, AT ) AL ] A

2.2 AEAMNSEERARFRTERNFEL

R TV BRARAR JC PR B R SRE IR 22 AT, A4 R IR 5] HE.
MRHE[30, 35, 10], LA AN 5| BERYOL.
S13B2.1 ¥R Mup, v, € Uy, FEESRERNIETEHC, 15

(up, pon) = (v, Mpur),  (un, Tpvn) < Cllup|||vall-
513R2.2 MEE W wn, un, v, € Uy, FESRTLFRIIIE T o, C, W
aflunlli < alwn; un, Myuy),  alwn; wy, Myon) < Cllugfla||vnl)i-

7E(21, 22, 23], P. ChatzipantelidisilE B T UL R 5] 3.
SI3E2.3 WERENY € H, 0 € Up,

R

e(@, o) < Cllollo]-
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513E2.4 MMEE Mo, up, v, € Uy, FAESRERIIEFHHC, 1E15

lea(0; tn, va)| < (Jh2Ha§H HaUh”HavhH

SI1382.5 XMERHIX, ¢ € Un, FFAESh TTREIEFHEC, it

o)~ S O (4 ] ) g~ g
E XA T Ry, - U — Up,:
a(u; Rpu, x) = a(u;u, x), Vx € Up. (2.9)
7E[37)%, V. ThoméellF B 7 N iR HE 2 5] #E.

51382.6 2w, = Ryu, p = wy, —u, FAESHERKIEEHC, £13

|52

0
< O, lloll < Cwi?, || 52| < Cwh. Iplloss < ChIlAllfulls.

N T AUEWARZE IO 7 R AT IR AR AR TC AR A AENE, BSEN AT T T - Uy — Uy 3 LIF:
MMERHU € Up, Tnoii 2L T30

(Twv — U1 x) + Ata(v; Tyo, 1x) = At(f(v,2,t7),1LX),  Vx € Up. (2.10)

WRHE T T AN s, AU = v BENA R TR X (2.8) FIfE. AR HEBrouwer A3 i
M, IR 7,4

TEIB2.1 BB A (2.2) AL LA KH 37 IE U, DU BRARAR JoH% 20 (2.8) AR AF1E.

JE:  FRAVAELE BI T Brouwer N3l i E B, ik 7 1E A

[Tt — Tnwll| < Ll = wlll, Vp,w €U, 0<L <L
M(2.10), MEERIp, w, x €Uy, B

(Tt — Tnw, X)+Ata(p; T, i x) — Ata(w; Tpw, LX)

(2.11)
= At(f(p, 2, "), px) — At(f(w, 2, "), ).
FE(2.11) P B = Thp — Thw, 13
X1 + Ata(w; x, Tax) =Ata(w; Tnp, Tax) — Ata(ps; Tnp, Tax)
AL fl 1) = flw, 2,7, T )
=At(a(w; Tnpt, X) — alp; Tni: X)) (2.12)

+ At(eq(w; Tntt, X) — €a(t; Tnit, X))
+ At(f(p, x,t") — f(w,z, ™), TLY)
27411+ II1.
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PSS AN U/ el S A 'S

BT, MR %A (2.2) BL K Cauch-schwarz AN 55 =, 45

o 30 ) — ol Fue) = [ (4 — ) 29 K s
< 752 ] e = 5]
S F 1T, R 5] B2 5 F AN & 2(2.3)
oo e ccoma ) e
ST ITII, ARE 44114 (2.2) M Poincaré N &5, A
11| < CA|p — wlllx]l < CAH|u - wHHaXH (2.15)

¥ (2.13)s (2.14). (2.15) fAN(2.12), Hr&i& 522

119x 1 Ix
Hxll? + At || < Catll — wll || 55| < Catstll — wl® + Ata

5 b
M| x]| < Csllp — w||. FERN] - 5] - 1550, ZAGE /N, Bl 5 2 AR R £5R.

2.3 BIRFA 7T X P E MR AR AU

FEX — 1, AT — 4E AR AP0 77 R A BRAR AR J0 S PR =1 0 A AR08 (R e sl vk, 0 nl
uLQjFﬂHl—@EéijEI%lﬁﬁﬁm. XA RAARUCHE, TATUER] 7 L2-F H - A R 2 A 1
KIENT IR E L.

EIE2.2 2UM u RN (2.8) M (2.4) WIf#, B ikuse o6, WA
U —u™|| < C(At + h?).
WE: Aum = u(t,)s wi = Ryu™(RyW1(2.9)%E X), N

U — ™ = (U —wp) + (w) —u™) 26"+ pr.

ZRER| 5| B2.6, I FHATHO. SHEREM Y € U,

(genv)() +a(Uf7Lla0n7X) = (5(]}?7 ) +a(Uh7Uh’ ) (aw;ZaX) - CL(U}TLZ;wZvX)
= (f(UR),x) + 0 = (u}', x) — (Qwy; —uf’, X) (2.16)
- &<un;wZ7X) [ (Uhﬂ Z ) - a(un;wiTLL’X)L

=

= €(f> X) - 5(3[]”7 X) - €a<Un; Una X) = g(f - 6U£,X) - Ea(U}?; Uf?a X)

9



2w —YEARANEIY) T R A BRARAR T R Y B IR R B

27 R, € X3 (2.9), AT LI

(90", x) + a(Uy; 0", x) = (f(UR) — f(u"),x) + 0 = (9p",x) — (Ou" — ', X)

(2.17)
(£ (217)FHLy — 0n, FIRI(2.2)L ; a’“’h Lt e, 4
1o o 10072 (1o o6
S0"12 + | || <ctwr —w i (e + |5 |) + o)
(190" + |9 = w ) ]6" ] + 6]
BT 51 2E2.3. 2.4, 153 .
6] < Ch?||—=— %
Fil e — Cauchy REERIFAE 23 e ﬁﬁ
= 0"
a)6"|? <o+ By + 55T
ol
= "I + 130" 1% + [[0u" — uf|* + B,
MW%QHHW%MH H
Al1an |2 agn 2 ni|2
20" +ul| 5| < Callo")2 + Bn).
i B
(1 - CAD[0"[> < 0" Y% + CALE,
o5
16712 < (1 + CA)||0"Y|> + CALE,. (2.19)
B (2.19) 093, FERE =0, 015
107 < (14 CA)™|6°]]* + CALY “(1+ CAL)"E;
. = (2.20)
= CALY (14 CAY"E;.
j=1
91 E2.6H4 R, (|07 < C(u)h?
tj
!Iéij:HAt‘l [ pats]| < ctayae
ti—1

. t
|Ou? — ul|| = HAtl/ (s —tj_1)uw(s)ds
ti—1
BIE; < C(u)(h® + At)?. fRAN(2.20), 13

(u)At.

1071 < C(u)(h* + At),

10



PSS AN U/ el S A 'S

KTA AR H B TF, BAT128 i HUERH DR e #E.
EI2.3 2UN u"HHIFRR(2.8) K (2.4) IR, B %uFe /e, A

U — u"||y < C(At+ h).
ME: FE(2.17)hHy = 00", A
(00",00™) + a(Uy; 0", 00") =(f(Uy) — f(u"),00") + 6
— (9p™,00™) — (Ou™ — u},00™) (2.21)
— [a(Uy; why, 00") — a(u"; wy, 00™)).
TR Ra(-; -, ), LRt EaE
OAta(UN:; 0", 50") = a(UT; 0™, 0") — a(UT;60"~1,0"1) + At2a(UT; 00", 56™).
Zi5(2.21), 15

_ _ 2
2AL||00™||* + a(U}; 0™, 0™) — a(U; 0", 0" 1) + aAt? %(am)

:2At{( FUP) = fu™),80™) + 6 — (Dp", 80™) — (Fu™ — u, DO™) (2:22)
— [a(U}; wy, 00™) — a(u™; w), 30”)]},

Ak
U™ 00 — alu s 007 =([AU7) - ) Gk o)
~([Awp) - Atup)] 25 2 o))
+([Awp) - A] 25 D) (229
Ghon-sale)

S (2.2) DA R 51 2.6, B U R ATER

‘([A(w,’})—A( )] aa‘;h ;m(aen))‘<oh2 ai(ée"). (2.24)
X (2.23) XA v 28 — I, A5 Bh T (2.2) A A& 51 BE2.6,
(52 [Aw - awn ] aor)
<c||cawp) - a2k + | awp) 2 wp —up|]1007) (2.25)

<C(10F il +|| - (UF )

116"

11



2w —YEARANEIY) T R A BRARAR T R Y B IR R B

¥ (2.24). (2.25)fAN(2.23)H, FFI A Poincaré A5, 153

n n aAn n n aAn a n n a aYa 1}
(a(Ufs wh, 00°) — alus w, 907)] < C||5- (U = wp)||I1907] + Cn2 | -9 .
HE LUP —wp = 0", AT
(U wl, 0™) — a(u™; wl, I+ Ch2H —(00)
BUAE KAt 1 (2.22) A5 3
286{ (F(UF) = ("), 0" +6 — (9", 06")
— (9u" =, 00") — [a(Uy:; wz, 50“) - a(u";wz,ée"n}
(2.26)
<2a{ Uyt — || |96"] H
a n n n n aYa 1)
+Ch? %(59 )|+ (l9p H+H@u —ut])]| 00 H+\<5\},
Ak 5
< Ch2||=(00™)]|.
5] < oW - (96")
B (2.26) 1 N (2.22)H7,
_ _ 2
2AL|00™||* + a(U}; 0™, 0™) — a(U; 0", 0" 1) + aAt? aﬁ(aen)
<2At{(]||Uh —u"|[]|00" | + C||=— 89 106" || + Ch? 8i(aen) (2.27)
+ (199" + " - u?n)née“n},
15 FE s P2 20048072, Bl e — Cauchy AN ZE 2044 Hik Bie, flifS
(U607, 0™) — (U071, 0m1) < cm(Hae +En>, (2.28)
/\EI:[
= [|Up = u™[* + 10" I” + [|0u™ — wi||* + h*/ At.
4%(2.28)EPE%(U"-9”*1 oY M EAESHIL, Z3%%MF022), A
H ngn om) < a(Up 0" oY) +0At<H89 +En>.
n n—1
(1— CAt) Hae < Ca(UP 671,01 + CALE, <0H86 H + CALE,,.
A 09" o9
H 14+ CAY) H H + CALE,.
HE LRI EIFERNC =0, ﬁ
n 02 .
Hae 1+ a2 K=o
(2.29)

= CALY (14 CAY"E;.

j=1

12
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S EH2.2, ME; < C(u)(h4/At + A%+ At?). I

EE?%MI]EX(IT*%H:— — AL

2

h
At1/2)

H%en < C(At + h).

455 51 B2 6 RYE =M AR, 15

|UR —u||y < C(AL + h).

B2 SRIRAT M PN BB A VA AR 5 B 2 (R R 22
SI3E2.7 WU Up 4y il W3 55 kg A AR B R A% E A, R u s sty WA
|Up — Ul < C(At+ H?).
JE: ﬁﬂﬁﬁ, &
Upr —u" = Ul —w +wf —u" 26"+ p".
Xf T L AR BRAR AR TRV E, BiRE e
(90", x) + a(Ug; 0", x) = (OUy. x) + a(Ug; U, x) — (Qwy, x) — a(Uf; wi, X)
= (f(Ug) + FUDUY = Ug),x) + 0 — (u, x) — (Qwy —uf, x) (2-30)
—a(u™;wy, x) — [a(Ug;wy, x) — a(u™; wy, x)],
where § = e(f(Uf) + f(UR)(U; = Ug), x) — e(0UR, x) — ea(Ug; U™, x).
27 Ry, I € X (2.9), AT

(90", x) + a(Ug; 0", x) = (f(UR) + f'(Up)(Uy — Ug) = f(u"),x) + 6 = (99", X)

(2.31)
— (Ou" —up, x) = [a(Ug; wpy, x) — a(u™; wi, x)].
7£(2.31) WA By = 67, IEX fFAEUY bt Taylor EITE, H
1
fu") = f(UR) + [(UR)(u" = Ug) + 5 [ (@) (u" — Ug)?,
HparfiFur,. URZ 6. T
1
FUg) + FUR)Uy = Ug) = f(u") = f(UR) Uy —u") = 5 f7(@) (" — Ug)?.
HrA)
[(u" = UR)?|1* < [Ju" = Uglls o llu™ = Ul (2.32)

< (JJu" = Rygu™o,c0 + [|RU" = Ufllo00)?||u™ — UR |,

13



2w —YEARANEIY) T R A BRARAR T R Y B IR R B

BEAL I Ry 0 E) (2.9)F 5E LRy, 5B T H2.2. 51 BE2.6 LA AER(2.3), 715

2
| = U?I? < C | HlimH]| + B (At + H?)| (At + H2)?

2
<C [H|an|At + H¥inH| + H-(At)? + 2HAL + H3] .

EEGE UM H, AHERIERH At < C, T4
[(u" = UR)?|I> < C(At + H?|InH|)*.
St F30(2.31) IR — I,
a(Ug;wy,0") — a(u™;wyp, 0") =a(Ugy; wy, 0") — a(Up; wy, 0™)+
a(Uyswy, 0") — a(u™;wy, 0").
X (2.33) A A — 0, A N AR
dwy 89”)

a(Ugp; wy, 0") — a(Uy; wy,, 0") = ([A(U?I) - A(Uh)} Ox " Ox

< vy - vp | %

oo™
<CW&—WMWU—%HH

e FH2. 240
|Up —u™|| < O(At + H?).

TP 46 P (2 2>u&awh 4 Ak, T

oo" og"

8||9”||2

<Cu(llv; = w6+ || 5

)+ Oy (At + H?) H

+ C3(At + HP|InH|)* 07| + Ca([|9p" |
+[lou™ = uy 16" + lo].

H5F2.3. 2.4, 7[5

09"
< 2
5] < o) =

P e 2. 200 i, P He—Cauchy AFE X IHE Lk ile, 115

= 00™ |2
olle™ 2 H_ o 2 En
67112 + | S| < caen + B,
LAk
E, = p"1? + [|10p"|]* + ||ou™ — ul||? + h* 4 (At + H* 4+ H|InH|?)*.

X3 B

(1 — CAD[6™|% < |67 2| + CALE,.
By

16712 < (1 + CAD)||6™ |2 + CALE,,.

14
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PSS AN U/ el S A 'S

HE PIAMEINEER =0, H
1677 < (14 CA)™|6°]]* + CALY “(1+ CAL)"E;
j=1

= CALY (14 CAt)"VE;.

Jj=1

FIRGIEE2.6, 715 p7|| < C(u)h?,

tj
1807 = HAtl/ ptdsH < C(u)At,
tj_l

tj
18w — wl|| = HAt—l/ (s—tj_l)utt(s)ds‘ < C(u)At.
ti1
KRYE; < C(u)(h® + H* + At)?. MM
10" < C(u)(h* + H* + H?|InH| + At) < C(u)(h? + H® + At).

SEATH2.6, EH2. 2R H = AA%R, 15

1T = Uil = 16" + 1lp"[| + ll" = Uil < C(At + h* + H?) < C(At + H?).

PN RTRATIZE H UL I P L R SR P A 55 AR L TR PR R 22 1 H A 1
EIR2.4 VU w0702 19 B PR SR AN R (2.1) 8RR, R Te 7o, WA

U —u™|ly < C(At+ h+ H?).
WE: 7E0(2.31)F ELy = 90n, AT LIS Fan T 25

(96", 80") + a(U}; 0, 00") =(f(UR) + F(UI(UF — U) — F(u"), 07) + 6
— (9p™,00™) — (Ou™ — u}, 00™)
— [a(Ug;wy, 00") — a(u™; w, 00")).

XN Ral -, -), AR A1

2Ata(UD; 0", 00™) = a(U%; 6", 0™) — a(UL; 071, 0"1) + A2a(U; 060", 00").

H(2.39)H0N(2.38),

o 2
5-(00")

—20{((U}) + (UR)(UF = Ufy) = f(u"), 67) + 6 — (9", 86")

2AL|50"|2 + (UL 07, 0") — a(UL; 0", 0" 1) + a AL

— (Ou" — i}, 06") — [a(Ug; w}, 06") — a(u™;w}, 067))}.

15
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(2.38)
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2w —YEARANEIY) T R A BRARAR T R Y B IR R B

14k
a(Up:w?, 00™) — a(u™; wi, 00™) =a(Ul; wy, 00™) — a(Ul; wit, 06™)
+ a(Up;wy, 00™) — a(u™; wy, 00™).
1] 5 #2370 BT IE

oo"

Ul wy, 00™) — a(u™; wy, 00™) 00" + Ch* (00™)
‘ (Up'swy, h

< CH

H@a:
HE(2.34) IR 5 #H2.7, AT1S

0

a(Us i, 90") — a(Uf; ey, 507) —

< C(At + H?)

5-(00M))).

25 L IRATAS 3 (2.40) 47 B T At T
280{ (F(UR) + [ (UR)Us: = Ug) = F(u"),060") + 8 — (9p", 0"
— (Ou" — ', 00") — [a(Ufy; w}, 06") — alu”s ], 06")] |

<2At C\US — u™[|||00™|| + C(At + H?|InH|)?(|00"|

I @4

+ Ch? 0 —(00M)|| + C(At + H?)||=(06™)

H@x
o+ (199" | + 19" — wy ) ]106" | + |91 }

oAb
6] < Cth (507

B (2.41) N2 (2.40), FHH2IRATTE B 7%, MM e—Cauchy AN IHE ik e, 15

E, = [|UF — " + [|0p"||2 + |0u™ — ul||? + h® + (At + H?)?.
Fra(Ug; o, 07" 1) Iﬁ&@alﬁﬁ, SHELA(2.2), B

)ttt < o |2

Horf

a‘ (U 67, 0™) < a(UL; 61,7 1) + 0At<H@ g En>
(1- (Ug; 0", 077
i 1
Haan (1+ CAt Hagn + CALE,.
HE FRIFEIFEERE =0, 7] LS
Haen (1+CAH)"” kg )" E;

. (2.42)
= CALY (14 CAY"E;.

J=1

16



PSS AN U/ el S A 'S

WHIFTEE; < C(u)(h? + At? + H*), i

Haen < C(At+h+ H?).

di oI 2.6 H = AAER, 15

U —u™|ly < C(At+ h+ H?).

O
2.4 BUEEH
TEIX — T ERATTEE H LA B 545 SR B8 31E 1T T BTk 1R 22 2Bt TE BT 11, 5 SUIAR
N x [0,T] = [0,1] x [0,1]. 2EHEUA )G Euler FRARFR ToA% A HFFEE N :
(D + AtM(S™))S™ = DS"! + AtQ", (2.43)

Qi = [ fdx Moy ER A&, M(S )Eﬁ‘%ﬁiﬂl}#%ﬁﬁi, HixxEh
9w
M;;(S) = —a(S)‘%ﬂ—x(’”) "
T R 5t0(2.43) 2 ARG A 1, FRATH R BUEARTT 1 22 3K A
TE[37]H, V. Thomée?%tﬂT*ﬂ]ﬁ?ﬁﬁEETM%%E(Z1)}5)?%&5"3%5@3%%%73?2, FA1fa i
ANML. FORINTT: 2L =01, m=1,2---, R RS
(D + AtM (™ 1)em™ = DS 4+ AtQ", (2.44)

Hrn=1,2,---,J.
T[23]E|3 P. Chatzipantelidisf&{t 1 Ei&J7i%M1, iR U0T

At
VEH T [23] HORs (2.45) FR N R AL I 17 5 Bulerk® 28, FAFEICALBE. (2.45) 805 A B 2N

(D + AtM(S™1)S™ = DS™ + AtQ",

n—1
uy —u _ n n n
< h h ,X> + a(uy l;uh,Hhx) = (f(uy~ Lot ), nx), Vx €Uy, fort>0. (2.45)

Ihbn =1,2,---, J.
TAVGINAE R AL e T FE A AR T2 A8 F I NewtonyZ:, & 42 i BroydenfE [7] 5 JoH& i (1.
*BJI:@BroydenTU\Newton/ﬂi(/EﬁlaijN)TEﬂ AT
€k+1 =& — ByF(€F),
Pk — €k+1 _ Sk’
B = P - )
| Bir1 = B — ((BeE" = P5)(P*)TBy) /((P*)" BrE"),

(2.46)

17



2w —YEARANEIY) T R A BRARAR T R Y B IR R B

HAFE) = (D + AtM(€))¢ — DS™! — AtQ". HATHLBE k15330,

P Newton Jj V% B ¥ E (1) L 35 7 T AN 75 Z K Jacobiff B 1) 3185, B T A K K B A Wi
A Jacobiffi P AF LN T REA.

FE T EIE b, AR — 67|00 < efENIEAR L 564, Hoel H 4 Em
WL RATME (e, t) = ze ™, ZEAD W NA(L) = 14+ us Au) = 1+ w?bh K A(u) =
1/(1 + )9 B (B fi 2 AH L B 44 77 R(2.1)). |l T RATT 1 I A% Hz%%*/l\i%?iﬁz, N]
BUAE = h? SRXTBFAII[0, T)(T = D)5, MRS R ERERLIBIRI, Hrp ‘NI EoRi&
PRIUEL. TESR AP ERATTZE VTSI AR BF [0 33 22 IR C S, AR T A BIAS ] B0 PO A i
L.

®2.1: MA(u) = 1+ ulth, RAJPEMIFTS 24 R

h - lo WSk |- ISy NI LAEEFE(s)
1/10 0.0018 . 0.1487 - 839 0.1248
1/20  4.4804e-04 2.0063 0.0747 0.9932 2874 0.2964

1/40  1.1149e-04 2.0067 0.0374 0.9981 9467 1.7160
1/80  2.7803e-05 2.0036 0.0187 1 32000 36.1298
1/160 6.9415e-06 2.0019 0.0094 0.9923 103905  369.4104

*2.2: HA(u) =1+ ulth, RAJTELBEF S 245 R
h |- llo WeskBr |- WSk NI EAERSIE(s)
1/10 0.0031 - 0.1507 - 100 0.0780
1/20  7.7142e-04 2.0067 0.0752 1.0029 400 0.1560
1/40  1.9127e-04 2.0119 0.0375 1.0038 1600 0.7020
1/80  4.7618e-05 2.0060 0.0188 0.9962 6400 12.8389
1/160 1.1880e-05 2.0030 0.0094 1 25600  151.8202

223 MA() = 1+ ultf, I EQN I B 45 5

h I-lo WSE - RS NI TARRTE(s)
1/10  0.0018 - 01487 - 2638 0.5928
1/20  4.4804e-04 2.0063 0.0747 0.9932 26032 1.9500

1/40  1.1149e-04 2.0067 0.0374 0.9981 126580 30.6386
1/80  2.7803e-05 2.0036 0.0187 1 5945525 429.6580
1/160 6.9422¢-06 2.0018 0.0094 0.9923 1658831 3.8905e+03

18
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2.4 BA) = 1+ u® B, TH 7ML 5 45 5

h Il B ||l WS NI LfERHRE(s)

1/10 0.0014 - 0.1479 - 788 0.1560
1/20  3.4597e¢-04 2.0167 0.0745 0.9893 2564 0.3588
1/40  8.5756e-05 2.0123 0.0374 0.9942 8388 1.7784
1/80  2.1358e-05 2.0055 0.0187 1 26979 33.3062
1/160 5.3302e-06 2.0025 0.0094 0.9923 94919  387.9589

*2.5: HA(u) =1+ u? I, RAJELBEFT SR K45 R,

h [ llo WRSIBY | -f WRSBY NI TARRSIEI(s)
1/10  0.0029 - 01499 - 100 0.1092
1/20  7.1006e-04 2.0300 0.0750 0.9990 400 0.2028

1/40  1.7555e¢-04 2.0161 0.0375 1 1600 0.9516
1/80  4.3647e-05 2.0079 0.0187 1.0039 6400 15.5533
1/160 1.0882¢-05 2.0039 0.0094 0.9923 25600 178.4339

92.6: MA(u) = 1+ u? i, RRATEQNHTE S04 R,

h -l WeskEY |- [ WeSkEY NI TARRSEIGs)
1/10  0.0014 - 01479 - 2846 0.3744
1/20  3.4597e-04 2.0167 0.0745 0.9893 22889 1.9344

1/40  8.5756e-05 2.0123 0.0374 0.9942 107831 30.2330
1/80  2.1358e-05 2.0079 0.0187 1 451720 368.0844
1/160 5.3306e-06 2.0024 0.0094 0.9923 1289668 3.1380e+03

R2.7: MA(u) = 1/(1 + )W, SRAEMUTE 245

h -l Wkl -1 &SRB NI ARRTE(s)

1/10 0.0017 - 0.1436 - 754 0.2808
1/20  4.0205e-04 2.0801 0.0734 0.9682 2499 0.4368
1/40  9.8021e-05 2.0362 0.0371 0.9844 8287 2.0124
1/80  2.4256e-05 2.0147 0.0186 0.9961 26856 35.0534
1/160 6.0366e-06 2.0065 0.0093 1.0000 94501  352.1099

#*2.8: HA(u) =1/(1+ v, REJTVELBEFT#3 2|45 2.

h I llo WRSEBY | -f WRSEBY O NT O TTAERSIEI(s)
1/10  0.0031 - 01420 - 100 0.1766
1/20  7.4206e-04 2.0627 0.0730 0.9599 400 0.2652

1/40  1.8206e-04 2.0271 0.0370 0.9804 1600 0.4680
1/80  4.5128e-05 2.0123 0.0186 0.9922 6400 6.5676
1/160 1.1236e-05 2.0059 0.0093 1.0000 25600 107.0479
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2w —YEARANEIY) T R A BRARAR T R Y B IR R B

%2.9: HA(u) = 1/(1 + )i, RATEQNITR R4 R,
h I-llo WeskBr -l WSkBY NI TTAERSTE(s)
1/10  0.0017 - 01436 - 3120 0.4212
1/20  4.0205e-04 2.0801 0.0734 0.9682 21717 2.0436
1/40  9.8021e-05 2.0362 0.0371 0.9844 93413  28.4546
1/80  2.4256e-05 2.0147 0.0186 0.9961 331580  290.5051
1/160 6.0369¢e-06 2.0065 0.0093 1.0000 604201 1.6630e+03

MFR2.130F2.99 ) FRATT] DLIE 2 M 315 22 (1) L2- B WSS 2, 3 22 1 H - R WS Sby
N1 XSRS ESHE S R4 R e H2.2. 2.3) MR, K] Ll TRy i, A
PRARAL e A AR S B B, 1R 2, R E R AT UIAEZ K. @i xfM1. LBE. QN =
Rl 792 it b, AT BLR BIM LT Ve 46 32208 T LBE 7 ¥ TAR B AR, B84 B n#sin T
LR (i%%%é’aﬁaLBE E@%), M 22 R EAT AR R (2.44) 2B R, AHXT QN 7%, 78 E
FHIE R ZERE FE R, SARMLIT A (%) A [ 5 2D DRI S IO & SRR SR AR e e R 4. P LAAE
LI FO 7 25 RS YL R AEAL A SR A AR 2R e 7 RN, 2 RAIML T 2.

PLF IR 10BN R 152M1 755 W B A FVE RS . IH = 1/N, (N = 4,8,16,32,64).
h = H*FAt = h.

£2.10: HA(w) = 1+ ulif, R EMUFHE S 4R,

h 11 WSk NI TAERSTE](s)
1/16  0.0933 - 1923 0.2184
1/32  0.0467  0.9985 6513 0.8892
1/64 0.0234 09969 21318 13.4941
1/128 0.0117 1 71972 169.3547

1/256  0.0059 0.9877 262144 2.8768e+03

22110 A(u) = 1+ ulhf, S 8 P B AR Bk 7 1 5

H h 111 Weshlr - NI TAESTE](s)
1/4 1/16 0.1112 - 157 0.1716
1/8 1/64 0.0282 1.9794 558 0.3744
1/16 1/256 0.0071 1.9898 1924 1.2168
1/32  1/1024 0.0018 1.9798 6513 39.1095
1/64  1/4096  4.4364e-04  2.0205 21318 2.8204e+03
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®2.12: HA(u) =1+ ® I, RHAJTEMIFTE 2| )45 5.

h [H[R ey NI TAERSTE](s)
1/16  0.0929 - 1758 0.2496
1/32  0.0467  0.9923 5629 0.9672
1/64 0.0234 09969 18289 15.6489
1/128 0.0117 1 65110 179.3075

1/256  0.0059 0.9877 206147 2.5561e+03

22130 BA(w) = 1+ 2 I, P PR A R AR 70 B 7 45 51 1 2 A1

H h [N[R Weshbr - NI TAERSTE](s)
1/4 1/16 0.1072 - 152 0.3120
1/8 1/64 0.0271 1.9839 532 0.3588
1/16 1/256 0.0068 1.9947 1758 1.0920
1/32 1/1024 0.0017 2 5629 41.9955
1/64  1/4096  4.2511e-04  1.9996 18290 2.7198¢+03

#2.14: HA(u) = 1/(1 + ), KA EMATE SR 45

h [BIR e Sy NI TAER A (s)
1/16  0.0913 - 1717 0.2652
1/32  0.0463  0.9796 5562 0.9360
1/64 0.0233 09907 18288 13.9777
1/128 0.0117  0.9938 64934 175.1891
1/256 0.0058  1.0124 203404 2.4025¢403

#2.15: MA(u) = 1/(1 + u?)F, R E &G BRI T HE S 2 45 1.

H h -1l lesidiy NI TAERSTE] (s)
1/4 1/16 0.0964 - 144 0.1404
1/8 1/64 0.0249 1.9529 508 0.2496

1/16 1/256 0.0063 1.9827 1717 1.0140
1/32 1/1024 0.0016 1.9773 5562 45.8955
1/64 1/4096  3.9224e-04  2.0283 18228 2.7308¢+4-03

MAZ2.1020382.150, W] LTS A b L 3 I A BB e S0 - B R U S /2 2, I A3k,
TR RS HE 5 (2 BE2.4) — B0 M T8 BRARAR T SVE H - BB W st 32 1 H'-BE AU 8
7 A L DA% AR PR A . ke HRVIL 77 2 % 19 P By o PR (R T, 028 81 K 30 [0 K B 1
SR, P EE I SV BT RIS TR 2 /N T VUL PR R ). AT 78 SR A =l 2 e o 47 7 A R
FH P 2 P A SRV — AN S Rk 6. AR SERR I THER AR AR R BRI N ASH 2h < H, TIA
Jeh = O(H?).
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3w VTR IR T RER R R = A T

EIF  MIHIEEREATEIEDN
[ERIREM T

fEIX =, JAERE T AR

%%_V4M%wwo:ﬂ%m Q x (0,7,
u(z,t) =0, a9 x (0,7, (3.1)
u(zx,0) = uo, Q,

SE SCAEE I 1 A3 8] 1] B AR R A, QO ¢ R2ZH B A Lipschitz i1 700, Hhr = (21, 1,), &
Ha(w,t) = (ai(x,1))7 ;o EAEQESRE—DRIFRIEE FISERERE. B I 24 f T — A [ E 1) H
0, A f ]I HAEQ x [0, T EF75 TR W6 Blue R B AT HAEQ EPJ7 R,

FEIRX — B P ARG R R Z T T, PR S BEINRZEZ AR R,

3.1 BRAEFATRNNWER BT HRYSIE

TP 2 (3.1), ARSI E L FHu e (U = L*(0,T; H} (2))), Wi &
0
(50) +atwv) = (£.0), Vo€ HY(Q), (3.2)
H (-, )RIRLA(Q)-WHL, LR Ra(-,-) & XWF:
a(u,v) = / aVu - Vodz, Yu,v € Hy(9).
Q

E S]] = al- ). ARHE0], I 1] 0 F | - s
BT RRQHILRE 77, hg (K € Tp) RANKKEAR, h = maxhy. e i 73 T A2 IE M1 [33], 13X
B T, AR R DA SR 0 A KBUH IR IR

5E ST B IR BR K22 8]0y, N2 A FR 23 [h), B

%:{uemm:umﬁ%ﬁ@ﬁﬂmm:QVKeﬁ}

N T R SR AR T R (3.1) 9 R R T8 77 v, AT 36 0 6 ) 4T 16 e A 30 45T, Sk 1
S 43 1) 2 T R B R AR BRATISR I [30, 21, 26, 2)0 5 7 R B AR, B2y
SR, A KR A, WK H RS K,, € Zy(K), 1

P Zy(K) e KTR. SRRz € Z, = U Zu(K), BREFEGHARV,, B & 1 =
KET,

TR DX AR Bl ) BT (ML IRI3.1). AT PAdR A5 B o5 €SOO — AR AR, BIRTAG 5120 T
HIXEEI T W Z03oR Z PAL T QN BT, FE RN T, HINILAE.
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/X

K3.1 A8 BENERERV.ING  HB: ZMBK 8555 M= 1 XA

O RHE R & AR R B = A3 0 Tn (2], SO 2 T R IENE, BIFAE IEHHC > off

&
C7'h? <meas(V,) < Ch*, VYV, €T,

& SUR B0 BR A RV, i R
Vy = {U € L2(Q) : vly, RHH Holon =0, V¥V, € 77;}.
KT W uy, € Uy, B XEEFETIL, - Uy, — V),

yup = Z up(2) V.,
zeZg
HA w2 i H ARV, R IE R 2L
A (21, 34], X TAEE W uy, € Uy, FFEShIERBIEFEC, HA511, i 2 A

Huh — HhuhHQK < ChK|’U,h|1,K, VK € 771 (33)
& B0 E S 1L, (3.1) 4 B EUH 5 Buler 3 BRAKAR JCHE SON: iU eU), (n=1,--- | N)
18 H 6 2

Ur — Unfl
(%,Hhx> + CZ(U,?,Hhx> — (fnanhX), VX c uh’ " 2 0.

(3.4)

0 _
Uh_u07

=

a(Up, Ipx) = — Z X(z)/ (a(x)VU}!) - nds,

zEZg V.

Abn = n(2) ROV, BRI EALINE ) E.

NG EAE[30, 35T IEM, BRI ay, (-, 1, ) U, AT T 5.
SI33.1 Hh7e/h, FAEIEFRC,, Cy > 015, FMER K un, vn € Uy,
Gigalhis

an(un, Hpup) = Chllunlli
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3w VTR IR T RER R R = A T

lan (up, pop)| < Collup||1]|vallx

FRIE[30], (3.2) B 5 H AT BRAKFUICAR (3.4) 2 1A) fRIi5 22 DAL H T — S5 B0 &2 — B U8, itk
B PRI SC SR A A R .
513E3.2 AU uirnlRR(3.4). (3. 1), Bikurtstls, FHESh. At LRIIEFEEC, W
2
|lu™ = Ul < C(At + h).

3.2 RIIREMITRI LR

FEIX — 1, AT H (3. 1) F BRAARF T 2 1R &8 5 10w Z A5 1h 7, HFH# e 5%
Zlu — Up| 1 Z R R, e/ B R R ET U E € & IBER, HoR 7k A5 50 1R% 2 1k
B EME. RER—ANIHE=AEK,, K il & XEERBAEN B, , ng 7
RINK,, KA. v R mBERE, WEERIuK MK NIES. v, v 3l3Rnav il
BIGK MK _ N EECEI E EREE. I A EAE R EVEILE € £,BkERE M-

[V]E:V+'HK++V_ ‘N .

EX@%&RK, Rg, nnﬁD—F:

Ric = f" — U;Z—TtU;“ + V- (a@)VUD), R = —[a(z) VU],
1 1 1
= (i) = (3 melReli ) o = () + (")
KeTy, E€g&y,
At h g2 BRI .

G, /M @Scott-Zhang B BRELT;, - HY(Q) — Uy, "ETW 2 T IHIF 5] 2.
51383.1 (18X HMEERIe € HY(Q), FAEERERMIEFEC, MMEEWK € Ty, E € &, Fa8OL

I Zne 1< C 1l ¢ e

| = Tne log< Chie || @ [l1wx
1
| o —=Zhe log< Chi || ¢ |l wp
;H\:EPUJK: U K' wg = U K.

K/ K#0 K (N E£0
T € BRAIE B ()t R HPoks 210 1 T 51 B, % 5| PR B PR NI E FR[33].

SI3#3.2 AL Hhp LRI IEH O, 15

lwllg e < C(hE'lwllg x + hel VWi k), Yw € HY(K), VK €Ty, E € 0K.
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M, BAiTgs b5 HAIE .
EIE3.1 XMEEM LR < m < N, FFAESHIC R IEH EC, 15N H K5 KR 7 Al oL

TS o TR
-

m (3.5)
gC(Z ((ﬂ”) +||U;} — U;Lll,ﬁ)) At+02/ If = £[dt.
n=1
iE: SHEERIe € HY(Q), v €Uy, 55 (3.2)s (3.4
Uh Un ! n _ n U}? — Ui?il
<T790> +a’(Uh790)__ (f - At 7%0_Hhv + (36)
CL(U}?, 90) - a(U;zL? Hhv) + (fn7 SO)
Mt e (1], E X
A t— tn—l
U 2 Uut) = 1(OUF + (1= 10) UM, 1) = A
(3.2) £ (3.6)X, Ht e (¢, i,
a(u_Uh) n N U;;L_Ul?_l _
(Ta 90) + a’(u Uh ) 90) - (f T; 2 Hhv (37)
— [a(Uy, ) — a(Uy, Mpo)] + (f = ", ).
E(B?)ﬁﬁj, EXQO =Uu— Uh € H&(Q), v = Ih(u — Uh> € Z/{h,
a(u—Ujl,u—Up) = (a(x)V(u—Up), V(u—Uy))
1 1 1
= Sl = UFIE + Sl = Ul = 511U = TR
M ERATTHESS
1d 24 - n|(2 1 . 2
ﬂMM—Uw Sl = TR + Sl = il
Lo g (oGO w_ Un U
g =g+ (- B ) (- B o)

— [a(Uy, ) — a(Up,v)] — [a(Uy,v) — a(Up )] + (f — [, ¢)
S 4 L+ I+ I, + I + I

IAETRATL 7 (3.8) 2 AT A5 i Tl
¥, A
110x = URIII* = (L= 1)Uy = Uy~ I
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R Green A, H

KeTy,
= [ @@V ne-0ds- [ V@@V -vi] )
KeT;, 0K K
= ([a@) VU s 0 =)y — D (V- (a(@)VUR), ¢ — v)ox
E€&y, KeT,

4%125[4#@13'\*, ﬁ

n U}?_Ui?_l n
L+1,= Z (f —T%—V-(a(x)VUh),cp—v)QK

KeTh t

N Z 2)VUe, ¢ )O,E (3.10)
Eeé&y,

- Z (RK>¢_U)0,K+ Z (RE’(‘O_U)OE
KeTy, EEE),

FIH 51 #3. 11 Cauchy-Schwarz AN &5 7,

1
Lin<cY {hKIIRKIIo,KIIu - Uhnl,wK} oy {thHREHO,EIIu - Uhul,wE}

KeTy, Ee&y
1 1
( N HRKHOK) ( S Uhuiw)
KeT; KeT;,
o L . (3.11)
2 2
0( 3 hEnREHaE) ( S Uhniw,;)
Ee&y Ee&y
5 3
gc(zh%(uRKuaK) uu—Uh\|1,ﬂ+c(ZhEHREHaE) i = Unllsr
KeTy, Ee&;,

T LI, HFIEK Nz, 2 € Zy(K) ENER, Brid

/ a(z)VU - Vodz = Y /K 2)VU! - V(v — Myv)de

2€Zp(K) nv:

=— Z /Kmvz V- (a(x)VU}) - (v —Iv)de

ZEZh(K)

+ / a(x)VU -n(v —v)ds
Z (KNV2)

2eZy(K) 70

_ /K V- (a(2)VUD) - (v — Ty)dz

+ / a(x)VU -n(v — v)ds
0

K

(3.12)

+ a(x)VU! -n(v — Iv)ds
Z/KWU P on(o— M)

ZGZh(K)
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HFa(z) VUPRIOtEGABITK € T, BHESE,

/ a(x)VU} - nvds = 0.
KNV,

ZEZ;L(K)
M
—I5 = Z <[a(m)VUh], v — Hhv)o,E - Z (V (a(x)VUR),v — Hw) - (3.13)
Eegh KGﬁL
4%‘]3$Hf5ﬂﬁit@1ﬁﬁ‘, H
Ltl=Y (f —i—V-(a(x)VUh),v—Hhv)O,K
KeTy,
= ( £)VU], v Hw)O’E (3.14)
Eet&y,
= Z (RK, v — Hhv)o,K + Z (RE, v — Hhv>07E
KeTy, Eecéy
X (3.14) XA w1 26 — I, Ay Bh T 51 23,1 LA Je Cauchy-Schwarz A%, A
5 (Reo =), | <0 5 fhliRilonl - Ul
KeTy KeTy,
< ( S 2 ||RKHOK) ( S T — U) ||1K)
KeT, KeTy, (3 15)
< ( 3w ||RKHOK) Zo (e — U
KeTy,
(Z b ||RKHOK) i — Uil
KeTy,

X (3.14) XA 3w 1Y 28 — 10, A Cauchy-Schwarz AN, Wi fF 3] ATAERIfGTF, A

5 (Reo=1i0) | < 3 Ryl = Tl

Ecé&y Ecé&y (3 16)
2 % -1 2 % .
< D hellBelon) (20 ket e =l ) -
Eegy, Ee&y

RN vAE 5 B B, B T 51 #2310/ 5| BE3.2,

> g v =l <€D (hg2llv = Wav|ly 4 + [0 ) < Clloll} < Cllu = Ull}- (3.17)

Ee&y, Ee&y,

F| F Cauchy-Schwarz AN 45 T Poincaré AN 45 3,
sl < |If = f"ll[lw=Unll < ClIf = f*l[llu— Unll1.
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G, Iy + Iy, I + I, I ARG TEAORXS (3.8) s T | et Bl {ERA >, B

1 [ 1 [ 1 [
—/ Dyu— v rae+ 1 / |||u—U;:|||2dt+-/ lu = Up|12dt
t 2t 2t1

- net .
1
géAtyHU,;‘—U,?lHPJrC/ (Z h HRKHOK) [l — Unll1dt (3.18)
- KeTy,
t"’L
/ (ZhEHREIIOE) — Unllx dt+0/ 1F = £l — U1t
tn—l

Eegy,

A fHe—Cauchy NEX VUL - || 5] - WS E, A

1 n n n— n— ~ i n
3 (I =G = ™ = ) € [ =gl

n—1

) ) - (3.19)
o RNEel () Al R TR
-1
¥ (3.19) K Mn = 152MBIn =m (1 <m < N), &E5U) =u°
Ju — O + Z / - U7 s
m (3.20)
sc(Z ((r) "+ oz - U:—IH%)) Ath/ If - £,

n=1 tr—1

M ERATTAF 2555 (3.5).
Il

RIIREMITHTA

i 41, FAVEEEIRE un — Up | RS R 5t N, 564 4Hbubble- B LM 57
NN =ML R ITTK € Thn, M, Mg, A s Bob A BR(CURR Y T AR AR 7). 40K 52 X
JGbubble- i)

Ui = 2T k1 Kk 2A K3, TE K Y =0, £ Q\K.

SHFRANNIALE € &, WKAMK' VAENAN. S Ap1, ApoBmkT B & OAR, & X
Zbubble- &y i K

Vg =4 g1 pa, £ wp = KUK'; Yp =07 Q\wg.
51383.3 [31)40 L& X fbubble- ¥k, 1 pifi 2
supp i C K, ¢ € [0, 1], max ¢ = 1,
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9 -
| e = SUIK] ~ B, 196l < Chit el
K

supp ¥r C wg, ¥g € [0,1], max Y =1,
TCWER

2 1
[ veds = Zhe, [ wude = glow] ~ e, [V0ellons < Chi' e lous.
E WE

E X R AEK ERRGP2 (R ), RetE R F (RE):

E— 1 S 1
R = (i, P e = gy [ R

FAIge B R AR S S HAIE .
3.2 WHERINK € Ty, E € &, FESIERMIEFHC, /R TRE" — U F I RHE
AL

our  Up - Uy

hi||Ri o < Cllu™ — Upll1x + hx 5 A

+2hKHRK—R_KH . (3.21)
0K 0,K

DA%
o Up = Uy
ot At

Rp _R_EHO,E'

1
hpllRellos < Cllu" = Uil wp + Chi

1 0 (3.22)
+ R,

O,wg

+ ChKHRK . R_K‘

IE: RAE =A%, &
1 Racllose < [[Rac, + ] Rr ~ B, (3.23)
H T bubble- R E M. R X LA K Green A2, A 14
], ~ (7 ) () (T 75
= P 0 (oo VU 0T ) — (e~ T T

n n n __ ymn—1 _

ot At

+ (V- (a@)VUp), vk R ) = (R — Buc, P )

— " Vi) = [ a@) VU - V(B (324)
+ 8;" _ % _A[Z}?IWKR_K) - <RK — Rk, ¢KR_K>

- [awver ) Vi + (G - EH )

— (i — Ric, v R

2 B, + By + Bs.
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ST By, F FH Cauchy-Schwarz ANEE R P K 51 3.3, 15
Bl < Clu" = Uyl [V B)|| = Clu = U e[ Ve o [ |
< Chilu" = Uyl illclloe |Ric| = Chytfu" = Ul |[vncBe]|  (3:26)
<o -l

& BT Cauchy-Schwarz N5 20 DL N 51 #E3.3,

our  Up U our  Ur Ut

1| S‘ ot At HWR_K 0K S' at At HR_K g 3%0)
L T T e
4545 (3.24). (3.25). (3.26) F1(3.27), £531(3.21).
NTAE)(3.22), H=MA%ERX, 5 LRIEE R, A
h% REHO,ES}L% R_EHO,E_’_h%? RE_R_EHO,E’ (3.28)

FIH 51 #E3.3UA K Green A3,
HR_EHE - <R_E’ ¢ER_E>0E - (RE’wER_E>o,E + (R_E B RE’wER_E>
<a 2)VU, v szRE)) + (v - (a(:p)VU,’}),z/)ER_E>

+ (R_E Rg, @DER_E) op

0,E

WE Owg

- / o) VU - V(o Rg)ds — / a(2)Vu" - V(s Rp)de

WE

+ / a(@)Vu" - V(pBe)ds + (V- (a(x)VUF), vp T )

E vaE

— [ eV~ VrRe)de ~ [ V- (al@) Ve (e Fe)ds
op B e (3.29)
)OME + (RE — Rg, wERE) o

+
~/~

<
B
&
<
=
<
S|
-
S|

- / W) V(U] — ") - V(e Re)dz + (V- (a(2)VUP), b5 Fm)om

Up Ui\, Up —Up™t oum\,
+/ (fn_hTh>(¢ERE>dx+/ < : Ath - gt)(?/}ERE)dSU

- / a(@)V (U} ~ ") - V(pRe)de + (R, ¥R )

n __ Unfl aun
h ho o _
5 7¢ERE) + (RE REM/JERE> o

07WE
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B TE(3.29) 2 A5 i T
I 51 #3.3 LA} Cauchy-Schwarz AN 3§,

17, < C|Ui? - un|1,wE

V(e Tr)|

= C1U} = 0100 |Vl | R
E

O,w

< Ch UF = el lowss [ Bs| < CIUF = w1

R_E‘ (3.30)

_1 N
< Ch |US — "1 REHO’E.
32| < | Rillow %UER_E‘ = | Bk Nlows 1¥E 0w R_E‘
o o (3.31)
< Ch|| Ric lowe | B| < CW3 | Ricllows | B, -
up—-urt o oun _
Js] < - H R‘
|35 ‘ AL ot ||, YERE b
g —upt oun _‘
= | %), st (3.32)
ur—-urt o our — \up—-urt o oun —
< Chy|| 2= Tn ‘R‘<Ch2 h ™ Yh HRH .
=R A ot I=TTE A ot |, I Fllos
WE \WE
9l < B - R |osBs|  <||Fe—re|| [ (3.33)
0.E 0.E 0.E 0.E
$#(3.30) (3.31). (3.32). (3.33) fR(3.29), 15
—_— _1 1 1 aun Un_Un—l
[Billo.s <Chg?|Uy ="l + Chill Ricllows + Chiy|| = — =7
0.0 (3.34)
+|[Fe - Re .
0.E
455 (3.21), B 3I45 5% (3.22).
O

3.4 BUEEH

N T IR X — TR L, FRAVH A HOE A RS R 2 A BRI B E R (3.1)
(152 XN x [0,T) = [0,1; 0,1] x [0, 1]. XFF =S EQ, 15508 HH 43 S M, SR )5 H 54
FTE 43 R A = T, T3 206 23 M QP aaH 4y, FEAAR L = 2/ J. ST R, Beb
KAt =1/N, N = J2, \Tfit" = nAt (n=10,1,2,--- , N). BATWELL T WM T

f1: a(x) = 1+ sinmay + sinwrs + €2 + €272, u(z,t) = z122(1 — 21)(1 — 22)€’.
’ - 1 ) ) = st ' ! .
B2: a(z) =1+ z1 + 29 + 27 + 23, u(z, t) = sin(may)sin(mwy)e™ T2 H
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FEgtobal R EZER 1R, Fnglobar K E N2 JE SR ZEAGTHT, € XaF

N 1 N 1

2 n 2 n n— ?

it = (S0 = UF1E) " s = (S0 + 102 02 1) )
k=1

n=1

RN AR T 2R ERREMN T T 52 RRENEER, R = ngoa /Egoba. FERT L H
T H RS S AT SR A AR I TR

3.1 4t =1 0, 11 FEopar S ngiovar HIRF.
h |u —UNlw WS Egobar Mgtobal R TAERSE](s)
1/22 0.1603 - 0.4350 19.5469 44.9380 0.2340
1/23 0.0821 0.9653 0.4351 20.4899 47.0928 0.3276
1/24 0.0413 0.9912 0.4351 20.9317 48.1081 1.9656
1/25 0.0207 0.9965 0.4351 21.1501 48.6104 234.1107
1/26 0.0103 1.0070 0.4351 21.2586 48.8600 4.0637e+04

#3.2: 4N =10, B2 FEopar Fngiovar FIFRFR.
h |u — UMl WS Eoba Nglobal R TAERTA](s)
1/22 7.7555 - 21.0509 347.8023 16.5219 0.2496
1/23 3.9815 0.9619 21.1118 379.0257 17.9533 0.3120
1/24 2.0027 0.9914 21.1117 389.6060 18.4545 2.6052
1/2° 1.0028 0.9979 21.1106 393.7090 18.6498 384.9481
1/2¢ 0.5016 0.9994 21.1102 395.4580 18.7330 4.1616e+04

ML K2, AT DU B BRARRR TR -5 SO 2 8] (AR 22 1 H -2 — Bl 8l 1X 551
BL3.2 Prifd M. SR, Al AR e S R 2 Al T ) AT SR ZE KD SRS B
o BAAMER T, BARRRIREMN T T 5 BRRENILRRE R THAE L. ZIERE K
Je B R 7 il T AT B S AR B R T2 A R R ALt

JR SR ZE Al T B &N 2 (b 5 BT AR, B S S RS 50 B R AR AR TR ZE K
A%, DASEB /N R 25 I i ke AR I B ) H . G er R A 3 — 5 i (Y i B8 R ZE A T R BER
SRSEIL B & LS F 50 R 2 BATTH Ja AR A E AL
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