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1 <7Yp8!k_;Ix~(/s�%-(�*f�n�Zl����S#�Yb7(;�#��v= ("��) [1]). �A;Yp8!k;B5 Keller-Segel B5 ("��) [2]) �2K!N0wI=d;4^�:90eP;?��4TYp8!k;eL7z; Keller-SegelB5�Sf%;,�nQ*�=��
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ut = △u −∇ · (f(u)∇χ(v)) + F (u, v), (t, x) ∈ (0, T ) × Ω,

vt = d△v + G(u, v), (t, x) ∈ (0, T ) × Ω,

u|t=0 = u0, v|t=0 = v0, x ∈ Ω,

∂u

∂n
= 0,

∂v

∂n
= 0, (t, x) ∈ (0, T ) × ∂Ω,

(1.1)e' u(t, x) �|Dvs�;;F� v(t, x) �|p=!N�;;F� f(u) i χ(v) '�Yp8>YFh��Q*� (1.1) �;�!1_8G�T�I;�70�7h� f(u) ∈ C1+θ[0,∞), χ(v) ∈

C2+θ[0,∞), θ > 0 v�S Amann[3] ;�!1_8&7l�H
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W 1
q (Ω), q > n, Q*� (1.1) E1_�D;�!aA��7 f(u) ∈ C1+θ[0,∞), θ > 0, �V χ(v) = v v�H
KRV,n u0 ∈ C(Ω̄), v0 ∈ W 1

q (Ω), q > n, �) [4] j?0Q*�
(1.1) 1_�D;�!aA��7 n = 2, f(u) = u, χ(v) _2�TQ8v�H
KRV,n
u0 ∈ L2(Ω), v0 ∈ H1+ε0(Ω), Q*� (1.1) aA�;�!1_8_�) [5]s:9j?����HWJ*88℄T;Q*�

ut = ∇ · (d1∇u −
−→
P (u, v,∇v)) + f(u, v), vt = d2△v + g(u, v),HW
K; u0 ∈ C(Ω̄), v0 ∈ W 1+σ

p (Ω), σ > n/p, p > n, �) [6] j?0Pi�;�!1_8�	��7 −→
P (u, v,∇v) } u ;*8h�rd u0 ∈ W 1+σ

p (Ω), σ > n/p, p > n v�Q*�1_�D;�!aA��ÆD �HW	�W7
−→
P (u, v,∇v) = uχ(v)∇v,�) [6] j?07 u0 ∈ C(Ω̄), v0 ∈ W 1

p (Ω), p > n v�HO;Q*�;�!aA�1_�D�Q*� (1.1) �;g
1_8�7DRpV�I�HWD2	�W7T�I�7�7
n = 1, f(u) = u, χ(v) = v, F (u, v) = (kf1(v) − θ)u v��) [7] _,�n;DC�r%�(Q Moser-Alikakos B6;QNj?0DpT
�;g
1_8�sW�) [7] ;QN��)
[8] �70-vs�^��f�Dvw�;�Tj[Q*;�fB5�;g
1_8�HW
n = 1, f(u) = u, χ(v) = log v, F (u, v) = 0, d = 0, G(u, v) = −αv + βu ;W7��) [9–10] �70HO;Q*��;�N8ig
1_8�HW n = 1, 2, f(u) = u, χ(v) = v, F (u, v) = g(u), ?L[Q*� 0 = △v − v + u ;W7�PT
�;g
1_8_�) [11] s:9j?��
ÆD ?�0h� g(u) ����%�;g
1_8�HW n = 2, f(u) = u, F (u, v) = u(M − u), G(u, v) = −cv + du, M ∈ R, c, d > 0, χ(v);8�T
 (*f� χ(v) = κv rd χ(v) = κ log(1 + v), κ > 0) ;W7�HW
KRV,n u0 ∈ L2(Ω), v0 ∈ H1+ε0(Ω), Q*� (1.1) �;g
1_8_�) [12] s:9j?�HW n = 2, f(u) = u, F (u, v) = u(1 − u), G(u, v) = −cv + du, χ(v) _ v = 0 TQ8 (*f�
χ(v) = log v rd − 1

v ) v�HW
KRV,n u0 ∈ L2(Ω), v0 ∈ H1+ε0(Ω), �) [5] j?0Q*� (1.1) �;g
1_8�7 n ≥ 1, F (u, v) = 0, G(u, v) = u, |f(u)| ≤ c(1 + u)α, 0 < α < 2
n v�HW
KRV;

u0 ∈ C(Ω̄), v0 ∈ W σ
p (Ω), Q*� (1.1) �;g
1_8_�) [4] s:9j?�HW n = 2, 3, f(u) = u, χ(v) = v, F (u, v) = u(1 − ul), G(u, v) = −v + au ;W7�(Q#p;H._{�	�;G#�=zwDp Gronwall �=z��) [13] j?0*�

(1.1)DpT
�;g
1_8�ÆD �(Q� �_&7w	�;B6zU��) [13]_
f(u), g(u) ∈ C1([0,∞)), |f(u)| ≤ χ(1 + u)α, |g(u)| ≤ k(1 + u)β w α, β ��℄nO�;�r%�j?0Q*� (1.1) DpT
�;g
1_8�HW4TYp8!k;��B5��) [14–16] �70WB5_Q*�"�;����%DpT
�;g
1_8�HW℄I4TYp8!kB5�;g
1_8����"��) [17–20] wPs;"��)�}0 Keller i Segel ?�0�A;4TYp8!k;s�B5�3.;4TYp8!k;B5!N0wI=d;?�T �Ps Buderne i Berg _�) [21] s�q0Dv'�
coli ;s�B5��g3.;~�T ��u Murray _�) [22] s�-0f%;=�WB
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

ut = △u −∇ · (
u

(1 + v)2
∇v) + u(

w2

1 + w2
− u), (x, t) ∈ Ω × (0, T ),

vt = △v +
wu2

1 + u2
− uv, (x, t) ∈ Ω × (0, T ),

wt = △w −
uw2

1 + w2
, (x, t) ∈ Ω × (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ Ω,

∂u

∂ν
= 0,

∂v

∂ν
= 0,

∂w

∂ν
= 0, (x, t) ∈ ∂Ω × (0, T ),

(1.2)

Ps�Ω ⊂ R
2 }D[4Tdo�
;T
[Y�u(t, x), v(t, x), w(t, x) T�}#�;;F�Yp8!N�;LFiPB�;LF� u( w2

1+w2 − u) }#�;bm,� wu2

1+u2 i uw2

1+w2 T�}Yp8!N�;b&,iPB�;0S,���(Q#p;H._{wG#�=z�HW
KRV,n u0 ∈ C(Ω̄), v0 ∈ W 1
p (Ω),

w0 ∈ W 1
p (Ω), p > n, j?0Q*� (1.2) ;DpT
�}g
1_;���;xC�7f%�Æ 1 �r p > 2, aH
KRV,n u0 ∈ C(Ω̄), v0 ∈ W 1

p (Ω), w0 ∈ W 1
p (Ω), Q*�

(1.2) ;DpT
�}g
1_;��VTf%_{
‖u(t, x)‖L∞(Ω) + ‖v(t, x)‖W 1

p (Ω) + ‖w(t, x)‖W 1
p (Ω) ≤ C∗, ∀t ≥ 0, (1.3)Ps C∗ F#W ‖u0‖C(Ω̄), ‖v0‖W 1

p (Ω), ‖w0‖W 1
p (Ω).��
Mf%�?L��q��Q9;s��7iQ*� (1.2) ;�!1_8�7
?j�\-C& 1 ;�
j?�

2 ���"���	?6���:�&�q��%Q;y[Xv����+
;ÆFm���} QT = (0, T )×Ω,

Qt1,t2 = (t1, t2) × Ω, �:�CLf%y[���Æ: 2.1 H9[bC; p, q ≥ 1, 0 ≤ t1 < t2 CL
‖u‖Lp,q(Qt1,t2

) ,

(
∫ t2

t1

‖u(t, x)‖p
Lq(Ω)dt

)1/p H 1 ≤ p < ∞, 1 ≤ q ≤ ∞;

‖u‖L∞,q(Qt1,t2
) , ess sup

t1<t<t2

‖u(t, x)‖Lq(Ω) H 1 ≤ q ≤ ∞;

‖u‖W 1,2
p,p (Qt1,t2

) ,







2
∑

2i+j=0

‖Di
tD

j
xu‖p

Lp,p(Qt1,t2
)







1/p H 1 ≤ p < ∞;

‖u‖V2(Qt1,t2
) ,

{

ess sup
t1<t<t2

‖u(t, x)‖2
L2(Ω) + ‖∇u(t, x)‖2

L2,2(Qt1,t2
)

}1/2

.SSgC& ("��) [23]), �:T
‖u‖Lq,r(Qt1 ,t2

) ≤ C‖u‖V2(Qt1,t2
), H 1

r
+

n

2q
=

n

4
, r ∈ [2,∞], q ∈ [2,∞),



412 � = � & = � Vol.34APs C oF#W q, r, Ω i t2 − t1.; 2.2[24] (Gagliardo-Nirenberg G#�=z) ("��) [24] ?u
?D��C& I)H
K u ∈ W 1
q (Ω), T

‖u‖Lp(Ω) ≤ C‖u‖a
W 1

q (Ω)‖u‖
1−a
Lr(Ω) ,Ps a =

n
r
−n

p

1−n
q
+ n

r

∈ [0, 1], �V p, q, r > 1 8� p(n − q) ≤ nq, 1 ≤ r ≤ p.; 2.3[4] r 1 < p < ∞, 3 A := Ap �|f%CL;m7�|
Apu = −△u, H u ∈ D(Ap) =

{

φ ∈ W 2,p(Ω) |
∂φ

∂n

∣

∣

∣

∣

∂Ω

= 0

}

.S�| A + I $s;T��| (A + I)β , β > 0, PnY D((A + I)β) Tf%8r
D((A + I)β) →֒ W 1

p (Ω), β >
1

2
,�V�H9[bC; α ≥ 0, 1 ≤ r ≤ p, 1_%� C(α, r, p) y:

‖(A + I)αe−(A+I)t v‖Lp(Ω) ≤ C(α, r, p)t−[α+ n
2
( 1

r
− 1

p
)]e−µt‖v‖Lr(Ω), (2.1)Ps v ∈ Lr(Ω), t > 0, µ ∈ (0, 1).; 2.4[6] (aA�;�!1_8) r p > n,aH
KRV,n u0 ∈ C(Ω̄), v0 ∈ W 1

p (Ω),

w0 ∈ W 1
p (Ω), Q*� (1.2) _[� [0, Tmax) o1_�D;aA� (u(t, x), v(t, x), w(t, x)), �V

u(t, x) ∈ C([0, Tmax), C(Ω̄)) ∩ C1,2((0, Tmax) × Ω̄),

v(t, x) ∈ C([0, Tmax) × W 1
p (Ω)) ∩ C1,2((0, Tmax) × Ω̄),

w(t, x) ∈ C([0, Tmax) × W 1
p (Ω)) ∩ C1,2((0, Tmax) × Ω̄),Ps Tmax F#W n, Ω, ‖u0‖C(Ω̄), ‖v0‖W 1

p (Ω), ‖w0‖W 1
p (Ω).ÆD �h Tmax < ∞, a

sup
t↑Tmax

{‖u(t, x)‖L∞(Ω) + ‖v(t, x)‖W 1
p (Ω) + ‖w(t, x)‖W 1

p (Ω)} = ∞.H N& 2.4 }"��) [6] seLJ*8Q*�;Dv	�W7�; 2.5 r n ≥ 2, 3 (u(t, x), v(t, x), w(t, x)) }Q*� (1.2) CL_ [t0, Tmax), t0 ∈

(0, Tmax) ;aA���r1_�F#W t i Tmax ;%� C1, y: ‖u(t, x)‖Lr(Ω) ≤ C1, Ps
1 ≤ r < n, aH,n u(t0, ·), v(t0, ·), w(t0, ·), �:T

‖v(t, x)‖W 1
q (Ω) ≤ Cq, ∀t ∈ [t0, Tmax), 1 < q <

nr

n − r
, 1 ≤ r < n, (2.2)

‖w(t, x)‖W 1
q (Ω) ≤ Cq, ∀t ∈ [t0, Tmax), 1 < q <

nr

n − r
, 1 ≤ r < n, (2.3)Ps Cq > 0 }�F#W t i Tmax ;%��C Q*� (1.2) s; w Q*8�f%;uT7z

w(t, x) = e−(A+I)tw(t0, ·) +

∫ t

t0

e−(A+I)(t−s)(
uw2

1 + w2
+ w)ds,
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1_8 413Ps A = −△. H
K q > 1, α ∈ (1
2 , 1), �::9f%_{

‖(A + I)αw(t, x)‖Lq(Ω)

≤ ‖e−(A+I)tw(t0, ·)‖W 1
q (Ω) + C

∫ t

t0

‖(A + I)αe−(A+I)(t−s)(
uw2

1 + w2
+ w)(s, x)‖Lq(Ω)ds

≤ C‖w(t0, ·)‖W 1
q (Ω) + C

∫ t

t0

‖(t − s)−[α+ n
2
( 1

r
− 1

q
)]e−µ(t−s)(

uw2

1 + w2
+ w)(s, x)‖Lr(Ω)ds

≤ C‖w(t0, ·)‖W 1
q (Ω) + sup

t0≤t<T
(‖u(t, x)‖Lr(Ω) + ‖w(t, x)‖Lr(Ω))C

∫ t

t0

τ−θe−µτdτ,Ps τ = t − s, θ = α + n
2 (1

r − 1
q ).H9[bC 1 < q < nr

n−r , �:<℄ α > 1
2 , y: θ < 1, W}HQ*� (1.2) ;?j[Q*(Q��\&l� ‖w(t, ·)‖L∞(Ω) ≤ C, 0JSA� 2.3 l

sup
t0≤t<T

‖w(t, x)‖W 1
q (Ω) ≤ Cq,e�j?0 (2.3) z�HQ*� (1.2) ;?L[Q*(Q��\&: ‖v(t, ·)‖L∞(Ω) ≤ C, M/S (2.3) zi$�Wj? (2.3) z;�7��:�Hj? (2.2) z�

3 �! 1 
D%���(Q#p;H._{�	�;G#�=zHwDp Gronwall �=z��:�j?Q*� (1.2) _L���sDpT
�;g
1_8�&+ 3.1[25] (Dp Gronwall �=z) ("��) [25] ?j
N& 1.1) rCL_ [t0,∞)o;i; Lipschitz h� y(t), h(t), g(t) 8�
y′(t) ≤ g(t)y(t) + h(t),

∫ t+r

t

g(s)ds ≤ a1,

∫ t+r

t

h(s)ds ≤ a2,

∫ t+r

t

y(s)ds ≤ a3, ∀t ≥ t0,Ps r, a1, a2, a3 }�[i%��a�:Tf%�7
y(t + r) ≤ (

a3

r
+ a2)e

a1 , ∀t ≥ t0.%<�:�j?�=z (1.3) zH
K;RV,n (u0, v0, w0) E(+��V (1.3) zs;%� C �F#Wv� t.; 3.1 H
K;RV,n (u0, v0, w0),E1_i%� C y:Q*� (1.2);� (u(t, x),

v(t, x), w(t, x)) 8�
u(t, x) ≥ 0, v(t, x) ≥ 0, w(t, x) ≥ 0, ∀t ≥ 0, x ∈ Ω̄, (3.1)

‖v(t, ·)‖L∞(Ω) ≤ C, ‖w(t, ·)‖L∞(Ω) ≤ C, (3.2)
∫

Ω

u(t, x)dx ≤ C, ∀t ≥ 0, (3.3)
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∫ t+1

t

∫

Ω

u2(s, x)dxds ≤ C, ∀t ≥ 0. (3.4)C HQ*� (1.2) ;j[Q*T�(Q��\&:� (3.1) zi (3.2) z}(+;�H
K t > 0, HQ*� (1.2) ;?DQ*_[Y Ω ouTT
d

dt

∫

Ω

u(t, x)dx ≤

∫

Ω

u(t, x)dx −

∫

Ω

u2(t, x)dx ≤

∫

Ω

u(t, x)dx −
1

|Ω|

(
∫

Ω

u(t, x)dx

)2

,M/�
∫

Ω

u(t, x)dx ≤ max{‖u0‖L1(Ω), |Ω|}, ∀t ≥ 0. (3.5)H
K t ≥ 0, HQ*� (1.2) ;?DQ*_ [t, t + 1] × Ω ouT:
∫ t+1

t

∫

Ω

u2(s, x)dxds ≤

∫ t+1

t

∫

Ω

u(s, x)ds dx +

∫

Ω

u(t, x)dx −

∫

Ω

u(t + 1, x)dx.� (3.5) z;�76goz�Hj? (3.4) z�; 3.2 H n = 2, f%�7(+
‖w(t, x)‖V2(Qt,t+1) ≤ C, ‖∇w(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0. (3.6)C HQ*� (1.2) ;?j[Q*)H w, `n_[Y Ω ouT:

1

2

d

dt

∫

Ω

w2dx +

∫

Ω

|∇w|2dx = −

∫

Ω

u
w3

1 + w2
dx ≤ C, (3.7)H (3.7)z_[� [t, t+1]ouT�̀ n(QDp Gronwall�=z�Hj? ‖w‖V2(Qt,t+1) ≤ C.(_HQ*� (1.2) ;?j[Q*)H −△w, `n_[Y Ω ouT:

1

2

d

dt

∫

Ω

|∇w|2dx +

∫

Ω

|△w|2dx ≤

∫

Ω

|△w
uw2

1 + w2
|dx ≤

1

2
‖△w‖2

L2(Ω) + C‖u‖2
L2(Ω). (3.8)S (3.8) z��:�H:9f%�=z

1

2

d

dt

∫

Ω

|∇w|2dx ≤ C‖u‖2
L2(Ω). (3.9)H (3.9) z-G_[� [t, t + 1] ouT�SN& 3.1 l ∫

Ω |∇w|2dx ≤ C, 6g (3.8) z�`n(QDp Gronwall �=z: (3.6) z(+�; 3.3 H n = 2, �:T
‖v(t, x)‖V2(Qt,t+1) ≤ C, ‖∇v(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0. (3.10)C $�WN& 3.2 ;j?��:�Hj?_{ (3.10) z(+�; 3.4 H n = 2, u(t, x) 8�

‖u(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0. (3.11)C HQ*� (1.2) ;?D[Q*)H u, `n_[Y Ω ouT:
1

2

d

dt

∫

Ω

u2dx +

∫

Ω

|∇u|2dx =

∫

Ω

u∇u · ∇v

(1 + v)2
dx +

∫

Ω

u2w2

1 + w2
dx −

∫

Ω

u3dx

≤ C‖∇u‖L2(Ω)‖u‖L4(Ω)‖∇v‖L4(Ω) + ‖u‖2
L2(Ω)

≤ ε‖∇u‖2
L2(Ω) + C‖u‖2

L4(Ω)‖∇v‖2
L4(Ω) + ‖u‖2

L2(Ω). (3.12)
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‖u‖2

L4(Ω) ≤ C‖u‖L2(Ω)‖u‖W 1
2
(Ω) ≤ C‖u‖L2(Ω)(‖u‖L2(Ω) + ‖∇u‖L2(Ω)).6g9 (3.12) z�T

1

2

d

dt

∫

Ω

u2dx +

∫

Ω

|∇u|2dx ≤ 2ε‖∇u‖2
L2(Ω) + C(1 + ‖∇v‖4

L4(Ω))‖u‖
2
L2(Ω). (3.13)zK9 V2(Q(t,t+1)) →֒ L4,4(Q(t,t+1)),SN& 3.1�N& 3.3HwH (3.13)z℄QDp Gronwall�=z: (3.11) z(+�SN& 3.4 Hw V2(Q(t,t+1)) →֒ L4,4(Q(t,t+1)), �:�HHQ*� (1.2) ;?L[Q*�?j[Q*T�(Q W 1,2

p,p _{:
‖v‖W 1,2

4,4
(Qt,t+1) ≤ C, ‖w‖W 1,2

4,4
(Qt,t+1) ≤ C, ∀t ≥ 1. (3.14); 3.5 H n = 2, u(t, x) 8�

‖∇u(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0. (3.15)C �:�&j? |∇v|2 ∈ V2(Qt,t+1), ∀t ≥ 0.HQ*� (1.2) ;?L[Q*)H −|∇v|2△v, `n_[Y Ω ouT:
1

4

d

dt

∫

Ω

|∇v|4dx +

∫

Ω

|∇v|2|△v|2dx

≤ C‖∇v△v‖L2(Ω)‖vt‖L4(Ω)‖∇v‖L4(Ω) + C‖∇v‖2
L4(Ω)‖△v‖L2(Ω)

+C‖u‖L4(Ω)‖∇v‖L4(Ω)‖∇v△v‖L2(Ω)

≤ ε‖∇v△v‖2
L2(Ω) + C(‖vt‖

4
L4(Ω) + ‖∇v‖4

L4(Ω) + ‖u‖4
L4(Ω) + 1). (3.16)SN& 3.3 � 3.4 � (3.14) zwDp Gronwall�=z�Hj? |∇v|2 ∈ V2(Qt,t+1), ∀t ≥ 0, M/T ‖∇v‖L8,8(Qt,t+1) ≤ C.%<�:j? ‖∇u(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0.HQ*� (1.2) ;?D[Q*)H −△u, `n_[Y Ω ouT��:�H:9f%_{

1

2

d

dt

∫

Ω

|∇u|2dx +

∫

Ω

|△u|2dx

=

∫

Ω

△u∇u · ∇v

(1 + v)2
dx +

∫

Ω

u△u∇2v

(1 + v)2
dx − 2

∫

Ω

△uu|∇v|2

(1 + v)3
dx −

∫

Ω

△uu(
w2

1 + w2
− u)dx

≤ C‖△u‖L2(Ω)‖∇u‖L4(Ω)‖∇v‖L4(Ω) + C‖△u‖L2(Ω)‖u‖L4(Ω)‖△v‖L4(Ω)

+C‖△u‖L2(Ω)‖u‖L4(Ω)‖∇v‖2
L8(Ω) + C‖△u‖L2(Ω)(‖u‖

2
L4(Ω) + 1)

≤ ε1‖△u‖2
L2(Ω) + C‖∇u‖2

L4(Ω)‖∇v‖2
L4(Ω) + C(‖u‖4

L4(Ω) + ‖△v‖4
L4(Ω) + ‖∇v‖8

L8(Ω) + 1).

(3.17)S Gagliardo-Nirenbergi Young �=z�:
‖∇u‖2

L4(Ω)‖∇v‖2
L4(Ω) ≤ ‖∇u‖W 1

2
(Ω)‖∇u‖L2(Ω)‖∇v‖2

L4(Ω)

≤ ε2‖∇u‖2
W 1

2
(Ω) + C‖∇u‖2

L2(Ω)‖∇v‖4
L4(Ω)

≤ ε2‖△u‖2
L2(Ω) + C‖∇u‖2

L2(Ω)(‖∇v‖4
L4(Ω) + 1).
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d

dt

∫

Ω

|∇u|2dx +

∫

Ω

|△u|2dx

≤ C‖∇u‖2
L2(Ω)(‖∇v‖4

L4(Ω) + 1) + C(‖u‖4
L4(Ω) + ‖△v‖4

L4(Ω) + ‖∇v‖8
L8(Ω) + 1). (3.18)S (3.14) z: ‖∇v‖L8,8(Qt,t+1) ≤ C, 0JSN& 3.3 � 3.4 wH (3.18) z℄QDp Gronwall�=z�Hj? (3.15) z(+�e�j?0N& 3.5.SN& 3.5l u(t, x) ∈ W 1

2 (Ω),ÆD SL���s;Sg�=z W 1
2 (Ω) →֒ Lp(Ω), 1 ≤

p < ∞ wHQ*� (1.2) s?L�j[Q*T�(Q W 1,2
p,p G_{:

‖v‖W 1,2
p,p(Qt,t+1) ≤ C, ‖w‖W 1,2

p,p (Qt,t+1) ≤ C, 1 ≤ p < ∞, ∀t ≥ 1. (3.19)SQ*� (1.2) s; v Q*l
∇vt −△(∇v) =

u2∇w

1 + u2
+

2wu∇u

(1 + u2)2
−∇uv − u∇v ∈ Lp,p(Ω), 1 ≤ p < 4,M/�S W 1,2

p,p G_{:
‖∇v‖W 1,2

p,p (Qt,t+1) ≤ C, 1 ≤ p < 4, ∀t ≥ 1. (3.20)�&�HQ*� (1.2) s; u Q*Tf%_{ ‖ut‖L2,2(Qt,t+1) ≤ C, ∀t ≥ 0.; 3.6 H n = 2, ut(t, x) 8�
‖ut(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0. (3.21)C HQ*� (1.2) s; u Q*-�
Wv� t X�T:

utt = △ut −∇(
u

(1 + v)2
∇v)t +

utw
2

1 + w2
+

2uwwt

(1 + w2)2
− 2uut.Hoz-�)H ut, `n_[Y Ω ouT�S Gagliardo-Nirenberg�=z:

1

2

d

dt

∫

Ω

u2
t dx +

∫

Ω

|∇ut|
2dx

=

∫

Ω

ut∇ut · ∇v

(1 + v)2
dx − 2

∫

Ω

uvt∇ut · ∇v

(1 + v)3
dx +

∫

Ω

u∇ut · ∇vt

(1 + v)2
dx

+

∫

Ω

u2
t w

2

1 + w2
+ 2

uutwwt

(1 + w2)2
− 2uutdx

≤ ‖ut‖L4(Ω)‖∇ut‖L2(Ω)‖∇v‖L4(Ω) + 2‖u‖L6(Ω)‖vt‖L6(Ω)‖∇ut‖L2(Ω)‖∇v‖L6(Ω)

+‖u‖L6(Ω)‖∇ut‖L2(Ω)‖∇vt‖L3(Ω) + ‖ut‖
2
L2(Ω) + 2‖u‖L4(Ω)‖ut‖L2(Ω)‖wt‖L4(Ω)

+2‖u‖L2(Ω)‖ut‖L2(Ω)

≤ ε‖∇ut‖
2
L2(Ω) + C‖ut‖

2
L2(Ω)(‖∇v‖4

L4(Ω) + 1)

+C(‖u‖6
L6(Ω) + ‖vt‖

6
L6(Ω) + ‖wt‖

4
L4(Ω) + ‖∇v‖6

L6(Ω) + ‖∇vt‖
3
L3(Ω) + 1). (3.22)zK9 ‖ut‖L2,2(Qt,t+1) ≤ C, W}S (3.19) z� (3.20) z�N& 3.5 w$�WN& 3.5 ;j?��::9f%_{

‖ut(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0.
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1_8 417e�j?0N& 3.6.; 3.7 H n = 2, v(t, x) 8�
‖vt(t, x)‖V2(Qt,t+1) ≤ C, ∀t ≥ 0. (3.23)C $�WN& 3.6 ;j?��:�Hj?_{z (3.23) z(+�Æ 1 �C$ SN& 3.7 : ‖vt‖L2(Ω) ≤ C, ^SN& 3.1 � 3.2 wQ*� (1.2) s; vQ*eJ:9 ‖△v‖L2(Ω) ≤ C, ∀t ≥ 0. VM�Q*� (1.2) s; u Q*�X3�f%7z

△u = ut −∇(
u

(1 + v)2
∇v) + u(

w2

1 + w2
− u) , F (u, v, w),M/�SN& 3.2 � 3.6 w ‖△v‖L2(Ω) ≤ C, ∀t ≥ 0 l F (u, v, w) ∈ Lα(Ω), 1 < α < 2, 0JT

△u ∈ Lα(Ω). H
K; p > 2, 1_ 1 < α < 2 y: 1
p > 1

α − 1
2 , W} W 2

α(Ω) →֒ W 1
p (Ω), WSg�7,lN& 2.3 � 3.1 :9_{z (1.3) z}(+;�e�j?0C& 1.� � / 2
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The Interior Transmission Problem for Isotropic Maxwell Equations

and Some Estimates on the Index of Refraction

1Qu Fenglong 2Wang Yuquan
(1School of Mathematics and Informational Science, Yantai University, Shandong Yantai 264005;

2Department of Mathematics, Capital Normal University, Beijing 100037)

Abstract: This paper is concerned with the global existence of uniformly bounded solutions

for a class of chemotaxis models in two dimensional spaces. By using detailed energy estimates,

some a priori estimates in different types of spaces including V2(Qt,t+1), W 1,2
p,p (Qt,t+1) and

Lp,q(Qt,t+1) and by applying uniform Gronwall inequality, we can prove the global existence

of uniformly bounded solutions for a class of chemotactic systems with the proliferation term

which involves both growth and death of the bacteria.
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